In this paper, we give the structure of irreducible integrable modules of generalized Virasorotoroidal Lie algebras, with finite-dimensional weight spaces and non-zero central charge.
Introduction
LetĠ be a finite-dimensional simple Lie algebra over the complex field C and A = C[t ±1 0 , t ±1 1 , . . . , t ±1 ν ] the ring of Laurent polynomials in ν + 1 variables. The universal central extension of the loop algebraĠ ⊗ A is called a toroidal Lie algebra, here denoted byτ =Ġ ⊗ A ⊕ K. Toroidal Lie algebras were first introduced and studied in [19] and [10] . Since then, many important results on this class of Lie algebras have been obtained. In [10, 19, 20] vertex operator representations for toroidal Lie algebras were constructed through the use of homogeneous Heisenberg algebras, while the vertex operator construction for the toroidal algebras of type A 1 in the principal picture was given in [21] . In [15] we constructed homogeneous vertex operator representations for the toroidal Lie algebra of type B l . Besides these vertex operator representations, some work has been done by considering Verma type modules (see [3, 7] ). These Verma modules, however, do not have finite-dimensional weight spaces and their irreducible quotients are not integrable. In [9] , the author solved the problem of classification of irreducible integrableτ -modules with finite-dimensional weight spaces.
Let D * be the Lie subalgebra of the full derivation algebra of A as the following:
where d i is the degree derivation associated to the variable t i (0 i ν). Adding the Lie subalgebra D * to the toroidal Lie algebraτ , we get a larger Lie algebra (see [2, 4, 8, 21] )
As in [22] , we call τ a generalized Virasoro-toroidal Lie algebra. Different from the case of toroidal Lie algebras, the representations for generalized Virasoro-toroidal Lie algebras constructed through the use of vertex operators are completely reducible and integrable (see [4, 22, 23] ). From the principal vertex operator construction, a new KDV hierarchy and its solitary type solutions were obtained in [5] . In [2, 8] , a large class of irreducible integrable τ -modules with finite-dimensional weight spaces were given. In this paper, we study the structure of irreducible integrable modules, with finite-dimensional weight spaces, of generalized Virasoro-toroidal Lie algebras. We prove that, up to isomorphism, The structure of this paper is as follows. In the next section, we recall the definition of the generalized Virasoro-toroidal Lie algebra. We show that if V is an irreducible integrable module of a generalized Virasoro-toroidal Lie algebra such that the weight spaces are finite-dimensional and the central charge c 0 is non-zero (c 1 = c 2 = · · · = c ν = 0), then V has the so-called highest (or lowest) weight space T . In Section 3, we study the structure of T . We prove that T is an irreducible B 0 -module and is isomorphic to C[q In the final section, we show that on the irreducible quotient of the induced B-module
From this we give our main results of this paper. Throughout the paper, we denote by C, Z and N the sets of complex numbers, integers and positive integers, respectively.
Basic concepts and results
LetĠ denote a finite-dimensional simple Lie algebra over C,Ḣ a Cartan subalgebra,∆ the root system ofĠ, Π = {α 1 , α 2 , . . . , α l } a simple root system for∆, and∆ + (∆ − ) the set of positive roots (negative roots). ThenĠ =Ḣ α∈∆Ġ α . Let {e α 1 , e α 2 , . . . , e α l ; e −α 1 , e −α 2 , . . . , e −α l } be the Chevalley generators ofĠ. For α ∈∆, let
ν ] (ν 1) be the ring of Laurent polynomials in commuting
ν by t n 0 0 t n . Let G =Ġ ⊗ A be the tensor product ofĠ and A with the Lie bracket:
Then G can be viewed as the algebra ofĠ-valued polynomial functions on a torus. Let K, dK and K have the same definition as in [2] . Then the toroidal Lie algebra associated toĠ isτ =Ġ ⊗ A ⊕ K with the bracket:
where K is spanned by the elements{t For D ∈ D, D can be naturally extended to a derivation on the tensor productĠ ⊗ A by
and D has a unique extension to the universal covering algebraτ ofĠ ⊗ A by
It is known that the algebra D admits two non-trivial 2-cocycles with values in K (see [2] ): We will be concerned with the Lie subalgebra τ =τ ⊕D * . We call τ a generalized Virasoro toroidal Lie algebra associated toĠ and φ. Let
Then H is an abelian Lie subalgebra of τ . Let δ i , Λ i ∈ H * (i = 0, 1, . . ., ν) be such that 
Denote the set of all real roots by ∆ re . Define
Let γ be a real root. Define reflection on H * by
Let W be the Weyl group generated by {r γ | γ ∈ ∆ re }. Then (·|·) defined above is W-invariant. Let ϑ fin be the category of integrable τ -modules with finite-dimensional weight spaces. Similar to the proof of Lemma 2.3 in [9] , we can obtain the following results.
Lemma 2.1. Let V ∈ ϑ fin be irreducible. Then
By Lemma 2.1, we can assume that
(2.11)
Throughout the paper, c i (i = 0, 1, . . ., ν) are always defined by (2.11). Let
Then G a is an affine Lie subalgebra of τ . Let
Theorem 2.1. Let V ∈ ϑ fin be irreducible.
Since V is irreducible and integrable, we have
It is clear that V λ is an integrable G a -module with finite-dimensional weight spaces, and V λ can be decomposed into the direct sum of irreducible finite-dimensionalĠ-modules. Denote by P (V λ ) the set of all weights
Since dim V λ is finite, it follows that the subspace U(Ġ + )V λ is finite-dimensional. Therefore there exists an element η ∈Q + such that
We say V λ+η+µ = 0 for all µ ∈∆ + . Otherwise, if V λ+η+µ = 0, for some µ ∈Q + − {0}. (2.12) . This proves that {λ ∈ P (V ) | V λ+η = 0, ∀η ∈Q + − {0}} is not empty.
(1) Since V λ is an integrable G a -module with finite-dimensional weight spaces, by Lemma 2.8 of [9] , there exists λ ∈ P (V λ ) such that (λ|α) 0 and
and all n ∈ Z ν , where
. Suppose it is false, i.e., V µ+β+δ n = 0, for some β ∈ ∆ re a,+ and n ∈ Z ν .
By (4) of Lemma 2.1, V λ+α = 0, in contradiction with (2.13).
Case 2.
(α + β|α) > 0. Similarly we can deduce that V λ+β = 0, also contradicting (2.13).
Up to now we prove that there exists µ ∈ P (V λ ) such that
for all α ∈ ∆ re a,+ and m ∈ Z ν . In particular, V µ+α = 0, for all α ∈∆ + . Therefore (µ|α) 0, ∀α ∈∆ + .
If
we have V µ−α+m 0 δ 0 = 0, this contradicts (2.14). Also by (2.14), we have V µ+δ 0 +δ m +α+δ n = 0, for all α ∈ ∆ re a,+ . (1) is proved. The proof of (2) is similar.
The proof of Theorem 2.1 refers to methods used in [6] and [9] .
The structure of T
Let V ∈ ϑ fin be irreducible. In this section, we assume that c 0 = 0, c 1 = c 2 = · · · = c ν = 0. Let T be the same as in Theorem 2.1. It is easy to see that T is a τ 0 -module. Since V is irreducible, we know that
Therefore T is irreducible as a τ 0 -module. Let
where
By Theorem 2.1 and the fact that V has finite-dimensional weight spaces, T m is finitedimensional.
Proof. Suppose (t m k i ).w = 0, for some w ∈ T . For any r ∈ Z ν , a ∈ {1, 2, . . ., ν}, we have
Furthermore, one can deduce that 
On the other hand, by induction on k, we can deduce that
Assume that
Then C ∈ C m×n , B ∈ C n×m and 
and (t −m k 0 ) s .w ∈ T n , we deduce that there is a non-zero element v in T n such that
Thus n < m. The lemma holds. ✷ Since T n are finite-dimensional for all n ∈ Z ν , there exists r ∈ Z ν such that
Suppose t m k 0 is locally nilpotent on T , for some m ∈ Z ν . Then by Lemma 3.2, we have Proof. Suppose t m k 0 and t n k 0 are locally nilpotent on T and dim T r is one of the smallest in {dim
By the proof of Lemma 3.2, we know that t −m k 0 is not locally nilpotent on T . If T r+m+n = 0, since 0 = t −m k 0 (T r+m+n ) ⊆ T r+n , we have T r+n = 0, in contradiction with (3.5). Therefore T r+m+n = 0. This means that t m+n k 0 is locally nilpotent on T , proving (1) . (2) is obvious. ✷
Lemma 3.4. There is no locally nilpotent element in {t
Proof. We consider the case that c 0 > 0. The proof of the case that c 0 < 0 is similar. Suppose the lemma is false. By Lemma 3.3, there exists one in {t for all k ∈ N, where r satisfies dim
where m 0 ∈ Z. Then by Theorem 2.1,
for all m 0 ∈ N, h ∈Ḣ and v ∈ T r (−m 0 ), where Λ is the same as in Theorem 2.1. Therefore T r (−m 0 ) is finite-dimensional. Let v be a non-zero element in T r , and
By (3.7) and the fact that T r (m 0 ) = 0, for m 0 ∈ N, we deduce that 
Then by Lemmas 3.1 and 3.4, B m,n is a n × n invertible matrix. Since t m k 0 and t n k 0 are commutative, by (3.9) and (3.10) we have
Lemma 3.5. For m, n ∈ Z ν . There exist λ m,n ∈ C and a non-zero element v ∈ T 0 such that
Proof. Since
the lemma follows from the fact that B m,n has eigenvalues in C. ✷ Lemma 3.6. For m, n ∈ Z ν , λ ∈ C. If there exists 0 = v ∈ T such that Proof. By (3.9) and (3.10), we have
× B r+s,m+n B m,n B r,s , Proof. By (3.9) and (3.10), we have
Therefore by Lemmas 3.1 and 3.4, we deduce that
Thus the lemma follows from Lemmas 3.5 and 3.6. ✷ Denote by λ m,n the eigenvalue of B m,n . Let
Then N is an abelian Lie subalgebra of gl n (C), so there exists an invertible matrix P such that all C m,n = P −1 B m,n P (m, n ∈ Z ν ) are upper triangular. Let
14)
Then it is easy to see that
Furthermore, we have
Therefore, by (3.14)-(3.17) we can assume that B m,n (m, n ∈ Z ν ) are all upper triangular matrices. 
for some k ∈ N. Thus we have
By induction on k, we can deduce that
We can assume that where n = (n 1 , n 2 , . . . , n ν ), r = (r 1 , r 2 , . . . , r ν ) ∈ Z ν and n a = 0, r a = 0, for some a ∈ {1, 2, . . ., ν}.
Let n = (n 1 , n 2 , . . . , n ν ), r = (r 1 , r 2 , . . . , r ν ) ∈ Z ν be such that n a = r a = 0, for some a ∈ {1, 2, . . ., ν} or n a = 0 and r a = 0 for all a ∈ {1, 2, . . ., ν}. 
for some k ∈ N. By induction on s, we can deduce that
where a s ∈ N, σ s ∈ Hom(T 0 , T −m−n ). Therefore by (3.23) we have Proof. By Lemma 3.9, we know that
and B m,n − I (m, n ∈ Z ν ) are all strictly upper triangular matrices. Therefore
Then it is easy to check that T is a submodule of T as τ 0 -modules. By (3.27), T is a proper submodule of T . But T is irreducible, so T = {0}, proving the theorem. ✷ Assume that 
where Λ is the same as in Theorem 2.1. Therefore T is an irreducible B 0 -module.
Assume that m a = 0 and
, by (3.31) and (3.32) we can assume that C m,p (m ∈ Z ν , 1 p ν) are all upper triangular matrices. From the assumption that k p .T = 0, p = 1, 2, . . ., ν, we have
and so 
It is clear that module U has a Z ν+1 -gradation. (1) There is a maximal one among the submodules of U intersecting M trivially. We denote the maximal submodule by U rad . (2) The module of quotients U = U/U rad is an irreducible τ -module.
If x(z) = n∈Z x n z −n , we say that x −n is the nth moment of
A Laurent series n∈Z x n z −n is called restricted if and only if there is some N such that j N implies x j = 0.
Let G = n∈Z G n be a Z-graded algebra (either Lie or associative) and L a G-module.
We say that the G-module L is restricted if for any v ∈ L, there is some q ∈ Z such that G i v = 0, for all i q. It is easy to see that a G-module L is restricted if and only if for
Lemma 4.1 [2] . Let V 1 (respectively V 2 ) be restricted module for the Z-graded algebra
there is a well-defined mapping
given by
Let G be a Z-graded Lie algebra. Due to the Poincare-Birkhoff-Witt theorem, the components of the Z-grading of the universal enveloping algebra U(G) can be written as
Denote by U(G) the completion of U(G). Then
where 
We know that the moments of these series act on the restricted modules M, M rad and M. We will show that Let Λ ∈ H * a be the same as that in (1) 
